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Calibration of Vibration Pickups by the
Reciprocity Method

Samuel Levy and Raymond R. Bouche

The reciproclty theory for the relatiomablp batween mechanienl foree and velosity and
oleeirie surrent and voltage s presented for = linsar slectrodynamin vibration-picknp cali-
hrator having & driviog coil, a wveloeity-Fensing ecil, and 5 mounting talle. The theory
faker account of flexibility In the callbrator structure snd in the eofls, electrie eonpling be=
twoen differant pares of the same coil and Between parte of one eoil and parte of the sther,
and fexibility in the magnet stmacture,  The theory shows whet measuremente are required
in uzeing a linear electrodypamio calibrator for the abeolube oslibration of vibration pickups,

A depoription 12 glven of the mechanissl arrangemnent and electrie elrouitry used et the
Metionel Burcaw of Standarde in calibrating calibrators by the resiprotity methed, A
typical velocity-senging-roil calibration curve ja preseoted showiog the effect of pickup tass
on the ralibratfon factor, Typieal examples of messurement of ealibration feotor And me-
nhanical impedandes of plekups are slao preacnted.

Practical limitations of the reciprocity method due to nonlinearity resulting from lack
of tightness of mechanival joints, resonance effects, amplituds effecis, ele,, are diseibmed.

1. Infroduction

An esrly spplication of the reciprocity method to the measurement of mechanical quanti-
ties was that hy H. K. Cook [1] * in 1940. He applied the method to the absolete calibration
of microphones. This was followed in 1948 with papers by H. M. Trent [2] and A. Loadou [3],
who showed how the reciproeity method could be used for the shsolute calibration of vibration
pickups. The reciprocity method was applied to the calibration of electrodynamic transducers
in 1848 by 5. P. Thompsen [4} and to the calibration of piezoeleciric aceelerometers in 1952 hy
M. Harrison, A. . Sykes, and P. G. Mareotte [5).

Commnrercially available calibrators for vibration pickupe Lhave a mounting table that is
connected by a relatively rigid internal structure to a dnving coil and to & velecity-sensing coil,
This internal structure is supported from the frame by flexure springs or guide wires, John C.
Camm, formerly of NBS, in 1953 showed how the reciprocity method eould be applied to the
calibration of the veloeity-sensing coil of such & calibrator in connection with work for the
Difica of Waval Research. Tn 1855 the authors of the present report, in connection with work
for the Diamond Ordnance Fuze Laboratories, extended Camm’s theory to take scoount of
pickup mazs and fexibility in the internal gtruciure for the fraquently cecurring case where the
driving eoil, sensing coil, and mounting table are mechanically joined at & point.

The present report gives & broader basis for the applieation of tha reciprocity method to
the calihration of the velocity-sensing eoil of calibrotors, by considering both the internal
gtineture and the magnet to be flexible and by taking account of electric-poupling effects.
It also shows how the calibrator, once its velovity-sensing coil has been calibrated by the reci-
procity method, can be v=ed to determine the calibration factor and to measure the mechanical
impedance of vibration pickups.

2. Reciprocity Theory for Flexible Vibration-Pickup Calibrotors

In the appendix the general reciprocity theory for & calibrator is presented. This theory
iz applicable to & calibrator eperating in any frequency or amplitude range in which it can be
conzidered to be s linear system. Neither the internal structure nor the magnet structure
need be considered rigid. The theory iz applicable, for example, not only at low frequencies
and at frequencies near certaln resohances, but alse st frequencies above axial resonance where
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the driving coil and mounting table move in opposite directions. The theory is also applicable
where there iz electric coupling betwesn different parts of the same coil and between parts of
one coll and parta of the othes.

The positive terminals of the driving snd sensing coils are designated sa those having
posifive voltages when the mounting table is moving inward. Conversely, positive current
in the coils producea outward velocity at the mounting table.

When the calibrator is energized with current in the driving eoil at any particular fre-
quency, the calibration factor, F, is defined ns the ratio of the voltega in volts in the velocity-
sensing coil to the velocity in inches per second &t the surface of the mounting table. It is
shown in the appendix that

F=g+§¥, {1}

where ¥, iz tha pickup mechanieal impedance (b-zecfin.), and all the symbols represent
complex numbers in the manoer commaonly used for slternating-current electrical theory.
The calibrator constants, ¢ and b, are determined by the following two experiments and com-
putational procedure.

Erperiment I; The equipment is shown in ﬁgum 1 {a}. Attach weights to the mounting
tahle and measure for each weight the transfer admittance in amperes per volt, &, between the
driving and sensing eoils:

G=3% @

where

=eurrent in driving coil.

Ef=voltnge generated in open-circuited sensing eoil. (It is permissible to leave a volt-
meter parmanently connected to the sensing coil.  If this iz dona, tha open-gircuit
condition is ohtained when no other connection is made to the sensing coil.)

Erperiment 2: The equipment is shown in figura 1 (b}, Cougle a sacond vibration exciter

te the calibrator heing calibrated at the mounting table, and measure the ratia, &, of open-
gircuited volinges generated in the sensing and driving eoils:

R=EJE>. (3}

Computativnal Provedure: Determine the ordinate intercept, 7, and the slope, @, of the
function W/{F—&.) when plotted against the weight, W, atiached to the mounting table in
exporiment 1, whare 7, is the value of & when W=0. Constants ¢ and & in eq {1} ara then
givon by

a=0.01711/fenl &, d=6.6010 v A {fuf), {4}

whera « i the frequency in radians per second, and § is the unit imapinary vector.

It ia shown in the appendix that the vibration-pickup ealibrator ealibrated by the reci-
procity method can ba usad to determine the mechanical impedanece, ¥, of & pickup by moas-
uring the admittanee, 7, eq (2), with the pickup attached to the mounting table, and the
admittance, &, when nothing is attached to the table, hy use of the relationship

Vo (5 N ) ®

To carry out the calibration of a pickup the following procedure is used: The driving eoil
of the calibrator is energized st the desired frequency and the value of ¥ 1= determined. The
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where M obteined by substituting V7, in eq (1), The output of the pickup eorresponding to

this txeitolion s then mensared . Ondinarily the tegm 337 in eq (1) for F is negligibly smaoll,
exeipl wt froquencics high coough to cduse reletive displocements bebween the mouniting tabla
and the sersing coil. Where it is known that 837, is negligibly samall, the determination of 17,

iy e omtbed feom the calilenton |u-|u-|-4||||'|-_
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3. Measurement of Constants
3.1. Accuracy of Weights

The weights attached to the table in carrying out experiment 1 at the Burean are shown
at Win figure 1 (a). The weights increaze in (.1-1b steps from O to 1 1b, They vary lesgs than
0.1 percent fromn their rated values. Their attachment surface haz & stud that engapges the
mounting table and a colntacting ring, ¥ in. wide, which provides a connection of high rigidity,
A film of vil 1= wiped on this ring before engagement to eliminate air in the contact surface.

3.2. Accuracy of Fraquency Measaremenis

The frequency was measured with a calibrated electronic frequency meter.  The indicated
sudio oscillator frequeney did not differ from the measured frequency by mora than 0.2 percent.

3.3. Measurement of Transier Admittonce

The cireait shown in figure 2 {8} 18 used to measure the transfer ndmittance. With the
gwitch in the “up” position, the values of » and r, are adjusted until the voltage drops |E,.|
gerose terminals 1 and 2, and (] aeross terminals 1 and 3, are equal as measyred on 2 high-
impedance volttacter. The magnitude of £ 1z then given by

_rtnteg
| Gl_T {7}

The accuracy of [(7| detcrmined in this manncr depends only on the accuracy of the circuit
elemonts snd the repeatability of the velumeter rending, but not oo the acouracy of the volt-
mater. Valuge of the resistances are chosen to Joad the amplifier suitebly. Typical values for
this calibrator are ry, equal to 10 chms, and -+, approximately 1,000 times greator than 7.

Voltage |Ey| ncross terminals 2 and 3 is then roed from the voltmeter. The switch is
lowered to the “down™ position.  The value of 5 is adjusted until |B,,| equals [Ey|, and voltages
IE[ and [Ey| are read on the veluneter. The phase dngle, ¢g, of the transfer admitiance, @,
13 the phase angle of J with tespect to £5.  Becanse the currents in r, 7y, and  are in phase with
I2, phase angle ¢ can be determined from & construction of & polygon of voltages as

- 1 |E§a]
— 1 — R
Ho=0C0B (1 3 TlE“l I[E}

A mitable volue of #; is used so that #0107 is grenter than 100; then the approximate value of
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¢ can be datermined from

K,
{¢q) approx="20"—aoz™! (1 -—% { EE&I . @

The use of both eq (8) and (9 determines the maghitede and guadreant for g 1t happens,
though, except near certain resonances, that g¢ is near +£90° Small errors in [E,| or [£,

result in lerge changes in the angls
cos ™! (1 —-% ’I%D

when ¢ is naor —$0°. Difficulty in measuring the smell valuc of (£, results in error when
& i3 near 90°.  Therefore, cq (8) i3 used to determine the magnitiede of ¢o end (9} its guadrant.

3.4, Measurement of Voltnge Ratio
The circuit shown in Sgure 2(b) iz used to measure the ratio of the open-circuit voltages of
tha driviog and senzing coils whon the calibrator being calibrated is driven by #n external vibration
exciter. With the switch in the “op’ position and with » set at 10,000 chms=, resistor r is
adjusted until the voltages across terminals 1 and 2 and terminals 1 and 3 are cqual. The
maegnitude of the volisge ratio, £, 1= then given by

|R|= {10)

r
10,000+
{In the caesc of a calibrator for which 10,000 oluns i= not effeetively an infinite impedanee across
the driving coil, » in fipure 2(b) should be increased to an adequate value and eq (10} corre-
gpendingly modified.}

To determine the phase angle of R, |Ey| snd |Ey| are messured. The switch iz then
put m the “down® position, r, 1= adjusted until |E,| equals |[Ey[, and |Ey| is measured. Then
from a construction of a polywon of voltages

—gourt(1_L 1EH]
d fip=1008 1(1 a |E?:| ! {11}
arl
temo0s (13 {55} )—os™ D) ”2}

It happens that ¢x is near either 0° or 180° Equation (11} is inzensitive for these angles,
aither because |Ey] 1= very small for ¢z near 09 or becausa the cosine is insensitive to small
changes in |Ey;| near 180°, Therefore, cq {12) is used to determine the magnitude of ¢z and
eq [11) only its quadraunt.

4. Typical Results

4.1, Calibration of Senging Coil

Resolts obtained in the calibration of the sensing coil of a typical eahbrator having &
normnal 50-1b doving-force rating are now presented.  All measorements were made aficr
thermal equilibrium was approached. The positive terminals of the driving snd zensing roils
were determined as those having positive voltage when the mounting: table had inward velocity,
Positive velocity is then outward.

Firet, the travefer admittance, &, experiment 1, waa measared for a sequence of weights,
W, on the mounting tahle at each frequeney for which a calibration was desired. Twpical
results at frequencies of 900 and 5,000 cpa are presented in fizore 3. In fizore 4 are the cor-
responding plots of WN{E—&,) prainet W. The dota were fitted by a weighted least-aquares
procedura for a straight line. The weichting as determined by a consideration of the expected
ereor in 1/{G—&) was 1, 2, 3, . . ., 10 for W=0.1, 0.2, 0.3, . . ., 1.0 b, TIntercepts F and
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slopes ¢, determined by this procedure, are st 800 cps J=0.1089/—84.2° lh-ohm, and @=
0.00767/11.5° ohm, and at 5000 cps, J=0.01084/—77 .47 lb-ochm, snd ¢=0.00765/100.4° ahm.

The voltage ratio, B, when driven b¥ an external vibestion exciter, experiment 2, waa then
determined as B=0.1000/—2.6° at 200 cps and B=0.2495/—2.0° at 5,000 c¢ps. Next the
congtants ¢ and & in eq {4) were eotnputed. Substituting their values in eq {1 gave calibration
factors of the sensing coil with & pickup of mechanical impedance ¥, on the mounting table,
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at 000 cps, F=0.1402/—3.4°+-0.000674/12.6° ¥, v-secfin., and at 5,000 cps, F=0.1584/5.5° -+
0.001360/93.1° ¥, v-scefin.

In figure 5 are shown the magunitude snd phase angle of the calibration factor of the
velopity—=onsing coil of this typical vibration-pickup calibrator a9 a funetion of frequeney for
pickups heving s mechanical impedoenee ¥, corresponding to weights W of 0, 0.5, and 1.0
Ib (¥, =jwl¥ /388). Iiis avident that, for thiz particuler vibration-pickup calibrator, tha cali-
bration factor of the wveiocity-sensing coil s neacly independent of frequency and pickup
woight up to 400 eps. The curve for 1 1b ia dotted in the vieinity of 2,700 cpz berause the plot
similar to that shown in figura 4 was not linear beyond 0.5 Jb. The source of thig nonlinearity
eould not be localized.  This nonlinesrity has not heen found in other calibrators of the zame
make and model number calibrated a6 the same frequeney.

4.2 Calibration of @ Vadable-Besstance-Type Accelerometer and a Piezoelechic-Type
Accelerometer

Results obtained in the calibration of s varlable-resistance-type accelerometer and piezo-
electric-type accelerometer are now presented. In these ealibrations the cirenit shown in
figure 2 (a) was ysed with the picknp terminals designated 6 and 7, in place of velocity-sensing-
coil terminals 1 and 3. The method given in section 3.3 was then used for the measurement
of &, the value of & with the pickup attached to the mounting table,

For the piezoelectric pickup, the waluo of &, ohiained at 900 cps was @,=IT/Fi=
38.61/91.8° mhes, and at 5,000 cps, (,=37.9/43.6° mhoz, With tcrminal 8 grounded and
terminal 7 replacing terminal 3, the same procedure gave, at 900 eps, I2/E,=16.35/2.6" mhos,
and at 5,000 eps, J2/F,—=3.201/=44.6" mhos, where F, ia the output voliage. of the pickup.
From eq (5), the mechanical impedance, ¥, of the pickup was computed by waing, at 000
cps, {7,=26.81/92.0% mhws, and at 5,000 cps, §,—16.51/18.1° mhos, and the velues of Jand
ohtained in scetion 4,1, Thia gave, at 900 epa, ¥, =2.712/83.37 |b-zec/n. and at 5,000 cps
¥,=18.23/70.6° lbsec/in. Using these values of ¥, in eq (1), the wvelocity sensing-coil cali-
bration factors af 900 epa and 5,000 eps, respectively, are F=0.1348/—2.7° vsac/in. and F=
0.1357/9.2° v-secfin. The pickup acceleration calibration factor, ¥, i

_{IS/ES) Fyg
BT Fu (13)
where Fg/(jw) i3 the acceleration calibration factor of the sensing eoil. Using this equation,
at 900 eps, F,=0.0166/—3.4° v/, and at 5,000 cps, F,=0.0197/6.5" vfg. Figurs 6 shows the
eompiete ealibrution of the piezcelectric-type accelerometer,
The calibration of the wariable-resiztance-type acceleromneter, which wae performed in a
gimiler manner, j& shown in figurs 7. To compute the results on the variable-resistance
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pickup at frequencics other than those at which the vibration—pickup calibrator was calibrated,
it was necessary to interpolete suitably for &, b, R, and @, and compute of from eq 4. This
interpolaticn was only used et frequencies below 900 cpz. Ta this frequency tenge, suech
interpolation results in no appreciable crror for this calibrator when the resonant frequencies
of the flexures are avoided. The frequencics used for the pickup enlibretion were not those
at which flexure resonance was present,

8. Effects of Calibrator Construction on Accuracy

Ingccuracy in the reciprocity method, exclusive of electrical messurements, ariges primar
ily from deviations from troe linearity in the calibrator performance. The more important
forms of nonlinearity are discussed below.
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5.1. Bogsonance Effecis

Resonance sccantuates inaccuracy due to nonlinearity because relatively small changes
in the calibrator constants, which ara caused by very amall changes in the structure of the
calibrator and small changes in the excitmg frequancy, can cansa large changes in the amplituda
of vibration. Even when such changes do not oecur, the large amplitudes associated with reso-
nance may exceed the linear range. The resonance of the driving coil relative to the velpeity-
sepeing coil reduces the scouracy of the reciprecity calibretion over a amsll frequency range
bhacause K| is very emell and therefore difficult to measurs, and because the large ampiituda
of the driver coil may excead its linear range. Oparation of the calibrator nesr resonance
frequenciea should therefore he avoided. Some common resonance conditions in thair usual
order of appearance with increasing frequency follow:

8. Resonance of mounting table and coils a8 & rigid body on the guiding flaxures.

h. Local resonnnce in the flexures.

¢. Transverse vibration of the shaft connecting mounting takle and driving coil.

d. Longitudinal resonance of shaft conpecting mounting table and driving cail.

¢. Local resonnnee in table or coils.

5.2. Transverse MoHon

Tranzverse mation from any source invalidstes the reeiprocity method, which requires the
mounting table to have nniaxisl motion. Tranaverse Dotion eccurs st the resonance frequencies
of the flexures and at the transverse resonance frequencies of the shaft on which the moving parts
gre mounted. At resonance, the amplitude will vary substantially for small changes in fre-
quency and the resonance may oceur at & frequency that is a barmonie of the drving frequency,
Fleorures ¢an be detuned by attaching small weizhts to them.

5.3, Tighiness of Mechanical loints

The tighiness of the mechanical joints in & calibrator will have littls effect on its perform-
ance at [ow frequencies, where the moving assembly of mounting table and coils acts as s ''rigid
body." At frequencies approaching these for internal respnance in the nssembly, looseness
in the joints can affect behavior by, for example, changing tho structural stiffnees or by intro-
ducing coulomb friction. A% very high frequencies, joints normally thought to be tight may be
& source of erratic behavior, which is difficult to eliminate as tightness will ordinarily vary with
temperature and time, Coating all jointe with ol improves their rigidity.

5.4, Amplitude Effects

The ponuniformity of the mapgnetic felds surrounding the coils i3 a primary source of
nonlineerity. Thiz effect tends to he greatest at low frequencies, where the displacernent ampli-
tude is large for a given acceleralion. At high frequencies, the displacement amplitode is
relatively amall, and this effect is negligible.  The change in equilibrivin position of the moving
assembly of a calibretor, when ils orientalion i& changed, may cause a change in calibration
factor due Lo change in the effective feld atrength.

The siructure of & calibrator will ordinarily experience small deformations in ils hnear range
8t permissible current intenaities, At resonance, the deformations ave larger. Litile iz known
about the linearity of structurael damping for & atructure s compliceted aa a celibrator; how-
ever, o long as the damping is small, 1ts possible lack of linesrity would affect only the resonant

reqponge.
B8, Temperature Effect=

Changes in tempernture cause moderats changes in elaslic constants and in the tightness
of joinls, aod in thiz way ¢an affect the calibrator perffonnance pear resonance. Changes in
temperature may also affect the field flux density, and thus the electrical characteristics of the
driving coil, bat should not ordinarily affect the calibration faclor of the veloeity-sensing eoil.
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8.6, Purity of Electric-Fower Sources

If the magnets are excited by direct current containing an alternating-corrent ripple, this
ripple may appear in the velocity output of the calibrator owing to currents ineluded in the
driving coil by tranzformer action from the field. Such s disturhonee con readily he detected
by exciting the field and observing the velocity of the mounting table with the driving eoil
short-cirenited.

Any harmenic congent in the power supply to the driving eoil will excite the calibrator at
the harmonic frequencies, as well a= at the primery frequency. The techniques deseribad in
this paper are applicable poly for excitation at a single frequency,

6. Conclusions

It i8 concluded that the reciprocity methods described can be nsed for the aceurate eali-
bration of vibration pickups end calibrators having linear response. Tha accuracy is limited
primarily by the accuracy of electrical measurement, by deviations from true lincarity in con-
struction, and by impurities in power supplies to the field and driving coils, The frequency
tange 18 limited theoretically only to frequencies for which the mechanica] impedance of the
weights attached to the mounting table ¢an be computed, Ordinerily this litnits the range
to that st which the weights act as thouph they were rigid bodies.  Practicelly, the calibrator
vsed as an example in this report is most surted for use at frequencies of 900 cps and below,
where its calibration factor is not affected by the mechanical mmpedance of most vibration
pickups that would be attached 1o its mounting teble. The calibrator iz suited for use above
M)} eps, however, with =ome lose in precision primarily due to the electromechanical praperties
af the calibrator being less constant with respect to feld-coil temperature than they are at
lower frequencies. The upper acceleration range of most calibrators, when resonsnce is
avoided, is below 50 g.  This would be the limit for calibrating by the reciprocity method.

7. Appendix. (General Reciprocity Theory
7.1. Bediprocity or Elechric Circuit

If & complicated electric circuit is considered to be made up of & number of ineshes, the
almost trivia] fact that the common impedance between meshes @ and &, for example, iz the
same a9 thet between & and € is the basis for the proof of the reciprocity theorem, This proof
ia elegantly presented by Guillemin en page 152 of reference [6]. Gaillemin states on page 276
that the reciprocity theorem can be proved for both transient and steady-state performance,
This means, for example, that i we imprese & voltage in mesh 5 of & given network and measure
the eurrent, say in mesh 2, and then place the voltage in mesh 2 instead of in meszh 5 and mess-
ure the current in mesh 5, we will find the current exactly the same in the two cases, both
In magnitude and phase.

7.2. Reciprocity for Mechanical System

If a complicnied mechanical system can be replaced by o equivalent aystem having
discrete masa-pointa joined by springs and dashpots, the faet that the spring and dashpot
ronnecting pointa ¥ and b iz the samo a2 that connecting poiniz & and  maekes possible a proof
of the reciprocity theoram for mechanical systems completely analogouz with that for electric
eirenits. (Reference [7] gives a proof of thiz theorem for conservative systems.) In other
words, this recipracity theoremn states, for example, that i we itnpress s foree on poing 5 of
riven aystem and measure the velocity, say ot point 2, we will ind the =ame velocity in mag-
nitude and phese when we place the force at point 2 instead of at point § and measuare the
velocity at point 5 It should be mentioned that it is posaible to have a mechanical system
consisting of discrete elements that is not reciprocal, for example, if it containe gyroseopic
alements,
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7.3. Reciprogity for Combined System

In developing the reciprocity theorem for the combined electric-mechanics] system of a
calihrator, we will use matrix notation. Thia will permit us to consider the coilz as flexible
bodies and take account of electric coupling between coils, as well az deformoetion in the field
&nd movable structure. The notation and thegrems given by Frazer, Duncan, and Coller [8]

will ke used.

Currents and veoltages in the velocity-sensing coil will be indicated by S and in the driving
eoil by 2. We will consider the coilz subdivided into a sufficient number of segments so each
meves 88 g rigid body and number them consecutively m the two coils, The subseript ¢ will
indicate terminal values, Complex notation used in alternating-current electrical theory will
be uzed throughout, All symbaly represent vector guantities, wnless stherwize noted. An
English system of vnite (inches, pounds, and seconds) will be vsed.

Current % at the terminals of the sensing coil 1= given by
n=FirEyiniE), (1)
where
Ef=voltage at terminals of coil 5.
EP=voltage at toroinals of el 17,
£ —impedance at terminals of coil 5.
232 — transfer impedance from ferminals of coll & to terminals of coll I

(25— .. where 22 ie the transfer impedance from eegment % to the termi-
_TT T nals of coil 5.

[E:]
Ey
[E}l= ' B ia the voltage generated in serment .
| E, ]
A gimilsr expression can be written for 7. Bath of these expresgions can be exprossed as
{L}:[S‘;]{Ep}-l-[Z]EE}, {Ala)
where
- 1% EF
{I a} = ]; En }=[ ]
| 17 v
F1 3
= B
2=
(24 L
Z
11 1
25 8 23
[2]=
Tl
I

awr
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The current in any segment is given by

{It=[)'{E.} +1Z){E}, {A2)
where
mr
)
{It=| . | I, is the curtent in segment =,
| 1.
Sl 1
i Fiz i
i 1 1
#5 I =
1Z]= + £ma 13 the transfer impedance from segmant m to sepment 1,
1 1 1
[ Fmi 2 Zitem|

[£]" =transpose of [2].

Velocity #, at the mountingftable, talen positive outward, is given hy
F,
t—p—t Ik {1}, (A3}
e

where
F,=the force at the mounting tahle.
20="Lhe mechanical impedancs at the mounting table.

Ly=2.249% 1077, a conversion fuctor.

(= 1 1 17 where ¥ is the transfer mechanical impedsuce from the
= e e Yord monnting table to segment .
I'Bpit 0 o0 ... 07
¢ Baly 1] P O
0 0 B ... O
k= . where B, 1z the flux densty, and I, is the length for
- - pepToent 7.
| 0 0 0 .. Bl
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In eq {A3), the product L,B 2.1, gives the foree, in pounds, st segment n when [, 38 the gurrent,
in amperes. The velocity of the various segments iz given by

foi =Wl Fo+ LT NE{ 1], (At}
where
o,
L
{p}=| . |, » iz the velocity of segment. #.
| Uy

[#]’ = transpose af [y

R S
¥ in
1 1 L
Fl= Y ¥m Hon , Hun 18 the transfer mechanical impedaiice from segment m fo
B I . .| segment n.
1l 1 1
L1 Yz ¥mn
The eorresponding valocity in the magnetic field at the various sepments is given hy
=i a1 £
{eM} =LY {I}+ [ ] F (Ada}
where
Enl
oy
[#1=| . | +¥ i2 the velocity of the magnetic field at segment ».
s A
R
wl ¥l il
1 1 . 1
W vl i
= 2 is the tranafer mechanical iropedance from the location of
[¥+]
: segment @ to that of segment. & in the magnetic field.
11
RT AT ¥
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el 'ﬁ| -

= L o5 is the tronsfer mechanical impedance from the mounting table to the
* | magnetic strueture opposite segment f.

L
|
The voltage penerated in each sepment is

{EY=—Llk]{v} + Lak]{#¥“}, {435)

where L= 2.540 10°%, a conversion factor. In eq (A5), — L8 . (pa— ) is the slactromotive
force genarated in segment &, in volts, when the relative welocity bstwesn segment # and the
magnetic fleld, in inches per second, ia (2,—2¥). Substituting (A2} into (A4) and {Ads),
angd substituting the results into (AS) gives

{E} = — Folalk|ly— T — LLIE]()' | E,} — LiLJR][Z]{ E], (A8}
where
[H]= F][F1F—[FIIT](R]. (AT)
Letiing
V) ={1)+L, LK} Z), {AS)
where
1 0 0 0]
0110 0
)= 0 I:l : ﬂ , the unit matrix,
Lo o o ... 1]
[V-=inverse of [V].
{E}=—FLy[V]iklly —y¥1" — L LIVIIK][){ E.}. {A0)
Substituting (A%} into (Ala),
{ L) =[2J{ E} —F LeAVE]ly — #¥) — L L) VIIET ) { E. ) (Al0)
Substituting (A%} in (A2) and the result in (A3} gives
f’ﬁ% — L L Py — y™ IR VTR e — w) + D[y — V]I V) [2) B}, (A11}
using
[VI'=[1]—L L[ Z][F]L&]. {A12)
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The proof of eq (A12) is obtained sa follows: By using (A8),
[1]1— LiL[Z) V][ K] =K~ "{[K]— L LK) [£][V][E])

={ETN{[&]+{1—[V'DIVIIET) {413}
=[H"V]IK].
Also, premultiplying both sides of (A8} by [K7),
LAV =[N+ L Ly Z]. (Al4)

As [K] is aymmetrie, [K!] is symmetric.  As [#] is alzo symmetrie, [E~')(V"Y iz symmetric.
1ts inversa [V][K] is therefore also symimctric, The transpose of o symmetric matrix is itself or

[VIIK]=[K]) VY =[K][V])". (A15)
Substituting (A1) in (A13) gives (AI2}.
The current in the velocit::*—aenﬂing eoil is always zero,
=1 0]{L}=0. (4186)
Bubatituting (4107 into (A16) and solving for Ef gives

FL S AV -y — B2 22 —Llezfﬁ[z“][V][K][z"]’)

o= =L LAV (A17)

The current in the driving coil is
=10 11{ L}. (A18)

Bubstituting {A17) into (410} and the result into {A18) gives
(;_E'i [Vl ~ &*1" — (=" ][V Rl —»*T

+ L Ly VIR (I Iy — 34 — LSl MY N NV MR - 0T )
0o -
PP Ly 1— LiLazB [V 1R 5

(o oty — Lol 253 BV IENT + 26 Es 555 [2IVIRIEY — Lalal =V UK N=2Y

+ AL VTN [sﬂ—lsﬂ]f{smwmw)

tE =L LaE IV NET=T - (AlD)

Substituting (417} into (A11) gives
(- TaLaly— v W20V Wity —*1" — s L ?"f [#IVIK)SY
+ LI (VKT Ty — y* 0l 2N VIRl — )

+ Ly Laal® [a‘][V][Fa]l:.r—y‘]'[z‘][ﬂ[#l!nr—y"l')
re=Fa 1— Ll PV IE 2T

2 NV — T — VI — Y

+E L-az;’.*’[z"][l’][.'ﬂ[z’]'[z‘][?][kly— W' — L L [P VEKIL2F AT Vm[y—y'r)
1— Ll B VKT 2T '

(A20)

— L BN
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The coefficient of L7, in equation {419} equals the coefficient of — L, E? in (420). Equa-
tions {410) and {A20} are subjected firat to the condition #,=0 and then to the condition I¥={.
Eliminating EY in (A19), when #,=0, and F, in (A20), when I¥=0, we obtain

F, E?
Ly 8lome Lo|soan tA21)
Thiz i= the reciprocity relation that exdsts in the combined electromechanical system,
Enquations {A20), (419}, and {A17) can be written for brevity us
t,=CF+ALED (A27)
PP=—ALF,+BLE? (A23)
EJ=HF, 4+ NLEZ, {A24)

whera the constante 4, B, €7, H, and & depend only on the calibrator constroction.

In eq {1} o relntionship is given for the calibration factor, defined as F= Ef/r,, as 8 function
of the mechanical impedance, ¥, of the object on the mounting tabla. W will determine this
equation in tarma of tha calihrator constanta A, 8, £, H, and N of aq (A22) to (A24). If the
force, £, is only the reaction to driving a mechanical impedanee ¥ at & voloeity o,

0,=—F,JY. fA2RY
Substituting (A25) in {422) and solving for F,

_ AL
F, o—_Ef mr {ﬁzﬁ}
Substituting (A26) into (A24) and (A25) and forming the ratio JJfy,
E} N (NC
Pt A+(_A.-H)Y. (A27)

We see that Nfd in eq (A27) s ain eq (1) and (MOYA)—Hineq (A27}is & ineq (1) when T is
F..
’ a=N/d, b=(NC/A—H. (A28)

In experiment 1, section 2, the transfer admittance &= I2/E? is detormined for a ecries of
weights, W, attached to the mounting table. Substituting {A26) inte (A23) and (A24) and
forming the ratio &3,

12 BY{BO+ANL)F

G=EE NFHNC—ARY (A2%)

In experiment 1, ¥ ig the mechanical impedancs joW /g, where W is the weight on the mounting
table, « the frequency in radigns per second, and g the acceleration of gravity, 386 in.fsec’.
Making this substitution in {429} and forming W/H{&— ), where &, 18 the value of ¢ when
¥=0, wa find
L N3 N}—AHON
-6, ju AINL{+ABH +A‘NL,-|—ABH

W, (A3

2




We zee that the intereept JF and slopa @ found in determining Wi&'—{&.) experimentally are

326 AR
J== TNL,FABH (431)
Nig—AHN
Q=N ABH (432)

In experiment 2, section 2, the voltage ratio, B=FE%FE?, it determined when 2 is zero.
Eliminating #, betwaen (423) and (A24} and setting I2=0, wa see that

HEL 4 ANEL L,

R=FE5Ff— o

(A33)

Equation (4) is obtained when eq (A31) through {A23) are substitufed into (A28) and L,
and L; bave the values given previously.

Fram eq (A28), @, =B/N, when ¥ is zere, that i, &, is the value of & when nothing is
vitached to the mounting table of the calibrator. If &, is the value of eq {A29) when ¥'=1Y,,
where ¥, is the mechanical impedance of & pickup to be determined, wa find that

NG, —8.)
Y =LV T AHB)—(N'O—AHNYG,— Gy (434}

The substitution of eq (A31) and (A32) into (A34) gives eq (5) for determining the mechanical
impedanece of s piclup attached to the mounting table of the ealibrator,

Waea are indebtad to L. R. Swestman for puidance in setting up the lahoratory equipment,
and to Richard Harwell, Jr., for the caraful machining of the masses and the various fixtures
psed, Ruth Woolley performed the least-squares calculations and Carol Waldron prepared

the Agures,
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